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We propose characterization of the three-dimensional topological insulator by using the Chern
number for the entanglement Hamiltonian (entanglement Chern number). Here we take the extensive
spin partition of the system, that pulls out the quantum entanglement between up spin and down
spin of the many-body ground state. In three dimensions, the topological insulator phase is described
by the section entanglement Chern number, which is the entanglement Chern number for a periodic
plane in the Brillouin zone. The section entanglement Chern number serves as an interpolation of
the Z2 invariants defined on time-reversal invariant planes. We find that the change of the section
entanglement Chern number protects the Weyl point of the entanglement Hamiltonian and the
parity of the number of Weyl points distinguishes the strong topological insulator phase from the
weak topological insulator phase.
I. INTRODUCTION
Classification of matter from a topological point of
view is nowadays one of fundamental ideas for under-
standing various phases of matter.1,2 Topological phases
for noninteracting fermion systems have been classified
under some fundamental symmetries.3–6 Over a decade,
interacting cases have been studied, revealing that inter-
actions enrich the topological phases.7–17 A topologically
nontrivial system shows gapless edge states even though
the bulk is insulating,18 which may open the possibility
of new devices.19–21
The topological classification needs suitable topolog-
ical invariants (topological numbers) to distinguish the
phases. Therefore, it is important to establish the
practical method of computing topological numbers.22–24
Quantum Hall states are characterized by Z as the Chern
number and topological insulators with time-reversal
symmetry are by Z2 numbers.
25–27 In two dimensions,
a single Z2 number is enough to characterize the topo-
logical insulator. This topological number has been pro-
posed for the Kane–Mele model of the quantum spin Hall
effect,25,26 and established as an adiabatic time-reversal
polarization for the spin pump model.27 Alternatively,
based on an effective field theory, the idea of understand-
ing the Z2 invariant as the parity of Chern numbers has
been presented.4 Based on these studies, several practi-
cal methods of computing the Z2 invariant for generic
systems have been proposed.28,29
The quantum entanglement is an essential concept for
quantum mechanics and the entanglement entropy is also
used as a fundamental fingerprint to characterize quan-
tum phase transitions.30,31 Its topological term (topo-
logical entanglement entropy) is one of the signatures of
the fractional quantum Hall states,32–36 and the entan-
glement spectrum has sufficient information to identify
them.37 To investigate the topological insulator phase
by using the quantum entanglement between subsystems,
not only simple spatial partition but the extensive par-
tition are useful.38,39 The entanglement Chern number
is the topological number focusing on the quantum en-
tanglement in a many-body ground state.40 When the
Kane–Mele model is regarded as two copies of Haldane
model41 with nontrivial Chern numbers, it is useful to
characterize the quantum spin Hall state using Chern
numbers for these subsystems. The spin Chern number
is one of them,42,43 and the entanglement Chern num-
ber is another one which is the Chern number for the
entanglement Hamiltonian. We have demonstrated that
two-dimensional Z2 topological insulators are character-
ized by the entanglement Chern number.44,45 A general-
ization of the Kane–Mele model to three dimensions is
spin-orbit coupled tight-binding model on a zinc-blende
lattice. The sublattice potential breaks inversion sym-
metry, then the system becomes a Weyl semimetal,46,47
In the case that the sublattices are equivalent, a spatial
anisotropy gaps out the spectrum and the topological in-
sulator phase appears.48 In three dimensions, it is known
that the topological phases are classified by four Z2 num-
bers and there are two distinguished topological phases:
the strong topological insulator (STI) phase and the weak
topological insulator (WTI) phase.48–50 The STI is char-
acterized by a three-dimensional topological index, and
has an odd number of surface Dirac cones on every sur-
face. In contrast, the WTI is adiabatically connected to
stacked layers of two-dimensional topological insulators,
and has an even number of Dirac cones on side surfaces.
The purpose of this paper is to characterize these topo-
logical phases by the entanglement Chern number.
In this paper, we discuss the characterization of the
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FIG. 1. (Color online) Schematic picture of Z2 indices de-
fined for time-reversal-invariant planes. The Brillouin zone of
the STI with (ν0; ν1) = (1; 1) (left) and the WTI with (0;1)
(right) are shown. b1, b2 and b3 are the reciprocal lattice
vectors. The colored regions are the time-reversal-invariant
planes. The weak Z2 numbers νi (i = 1, 2, 3) are defined for
each of the time-reversal-invariant planes. For the STI (WTI)
phases, the entanglement Hamiltonian has odd (even) pairs
of Weyl points between time-reversal-invariant planes.
WTI and the STI in view of the entanglement Chern
number and the entanglement Hamiltonians. In three
dimensions, the Z2 invariants can be defined for six
time-reversal-invariant planes. In contrast, the entan-
glement Chern number is defined for any section, imply-
ing that the section entanglement Chern number inter-
polates the Z2 invariants continuously. It follows that
the entanglement Hamiltonians should have some gap-
less points along such an interpolation when the entan-
glement Chern number changes. Since the parities of
these gapless points are topologically protected and the
entanglement Hamiltonians have “broken” time-reversal
symmetry, we refer to the gapless points of the entangle-
ment Hamiltonian as the Weyl points. We demonstrate
that the entanglement Chern number and the entangle-
ment Hamiltonians simply characterize the topological
insulator in three dimensions. This paper is organized
as follows. In Secs. II and III, we give a brief review
of the Z2 invariant and the entanglement Chern number,
respectively. In Secs. V and IV, we examine the STI
and WTI phases of the Fu–Kane–Mele model and the
Wilson–Dirac model, respectively, in terms of the entan-
glement Chern number. We give concluding remarks in
Sec. VI.
II. Z2 INVARIANT FOR TOPOLOGICAL
INSULATORS
Now we briefly introduce the Z2 invariants. Let Λi
(i = 1, 2, ..., 8) be the time-reversal-invariant momentum.
The topological indices δ(Λi) are defined at time-reversal-
invariant momentum as
δ(Λi) =
Pf[w(Λi)]√
det[w(Λi)]
. (1)
Here wαβ(k) = 〈uα−k|Θ|uβk〉 is defined for the Bloch
state |uαk〉 and Θ is the time-reversal symmetry operator.
Let bj (i = 1, 2, 3) be the normalized reciprocal lattice
vector (reciprocal vector of length 1). Then, the wave
vector is spanned by
k = k1b1 + k2b2 + k3b3 (0 ≤ k1, k2, k3 < 2π). (2)
The topological phases in three dimensions are charac-
terized by four Z2 indices ν0(ν1ν2ν3)
25,48,50. The strong
Z2 number ν0 is defined as
(−1)ν0 =
8∏
i=1
δ(Λi). (3)
On the other hand, the weak Z2 indices νn (n = 1, 2, 3)
are defined on the time-reversal-invariant plane Pn, with
fixed kn = π, as
(−1)νn =
∏
Λi∈Pn
δ(Λi). (4)
Alternatively, such Z2 invariants can be viewed as the
section Z2 invariants,
48–50 which we briefly review to fix
our notations in the following sections. Let us set one
component of momentum, say, k1, as the time-reversal-
invariant momentum, k1 = 0 or π. Then, such a Hamil-
tonian as is defined on the time-reversal-invariant plane
k1 = 0 or π corresponds to a topological insulator in two
dimensions, which is, as a result, described by the single
Z2 invariant. Let ξ0 and ξpi be the Z2 invariants on the
k1 = 0 and k1 = π time-reversal-invariant plane, respec-
tively. These two Z2 invariants may be called section Z2
numbers on the time-reversal-invariant planes along the
b1 axis. Likewise, we can define four other section Z2
invariants, η0,pi and ζ0,pi on the time-reversal-invariant
planes, k2 = 0, π and k3 = 0, π, respectively. Since there
are two constraints ξ0 + ξpi = η0 + ηpi = ζ0 + ζpi (mod
2) among six invariants, we have four independent Z2 in-
variants, which are conventionally defined by ν0(ν1ν2ν3)
with ν0 = ξ0+ξpi (mod 2), ν1 = ξpi, ν2 = ηpi, and ν3 = ζpi.
The STI specified by ν0 = 1 has the different Z2 indices
between parallel time-reversal-invariant planes, whereas
the WTI specified ν0 = 0 has the same but nontrivial
Z2 indices between them, as described in Fig. 1. Such a
classification is also possible by the entanglement Chern
number40,44,45 computed on the time-reversal-invariant
planes, as will be reviewed in the following section.
III. ENTANGLEMENT CHERN NUMBERS
A. Entanglement Hamiltonian
Let |Ψ〉 be the many-body ground state of a noninter-
acting system. We divide the system into two parts, say,
3A and B, and consider quantum entanglement between
them in |Ψ〉. To this end, let us introduce the density
matrix ρ = |Ψ〉 〈Ψ|. Tracing out B in ρ, we obtain the
reduced density matrix for the subsystem A such that
ρA = TrBρ = TrB |Ψ〉 〈Ψ|. As shown in Ref. 51, the
reduced density matrix is also given as
ρA ∝ e
−HA , (5)
where the HA is the entanglement Hamiltonian of the
subsystem A.
B. Entanglement Chern numbers and Z2 invariants
Let us first introduce the entanglement Chern num-
ber in two dimensions. Let B be the two-dimensional
Brillouin zone spanned by the wave vector k = (k1, k2).
Then, the entanglement Chern number is defined as the
Chern number for the entanglement Hamiltonian HA:
cA =
1
2πi
∫
B
F12(k)d
2k, (6)
where F12(k) = ǫij∂kiψ
†
A(k)∂kjψA(k) is the Berry curva-
ture of the ground state (negative energy) multiplet ψA
of the entanglement Hamiltonian HA. For free fermion
systems, it is convenient to use the correlation matrix
instead of the entanglement Hamiltonians.40,45,51 The
correlation matrix for the subsystem A is defined as
(CA)ij = 〈c
†
i cj〉 = Tr[ρAc
†
icj ], where c
†
i is the creation op-
erator of an electron in the subsystem A. Then, it turns
out51 that CA is related with HA such that
HTA = ln[(1− CA)/CA]. (7)
By calculating the Chern number for the correlation ma-
trix, we can obtain the Chern number for the entangle-
ment Hamiltonian.40
The entanglement Chern number was successfully ap-
plied to Kane–Mele model choosing the up and down
spins perpendicular the surface for the partition A and
B.40,45 Let c↑ and c↓ be the entanglement Chern number
for up- and down-spin, respectively. There, the relation-
ship between the Z2 invariant and entanglement Chern
number is as follows:
ν = 0↔ even c↑,
ν = 1↔ odd c↑. (8)
With the time-reversal symmetry, c↓ equals −c↑. The
entanglement Chern number with respect to spin plays
the role of the spin Chern number.42,43
C. Section entanglement Chern numbers and Weyl
points of entanglement Hamiltonians
The section entanglement Chern number in three di-
mensions is defined as the entanglement Chern num-
ber for a two-dimensional periodic plane in the three-
dimensional Brillouin zone. Namely, in Fig. 1, one
can calculate the entanglement Chern number for any
sections parallel to the time-reversal-invariant planes.
This implies that the section Z2 invariants on the time-
reversal-invariant planes can be interpolated by the sec-
tion entanglement Chern number. For a STI, the en-
tanglement Chern numbers on the two time-reversal-
invariant planes, as well as the Z2 invariants, are different
between these time-reversal-invariant planes. Therefore,
if we compute the section entanglement Chern number
continuously along, e.g., the b1 axis, some gapless points
of the entanglement Hamiltonian accompany the change
of the entanglement Chern number, implying that the
STI phase can be characterized by these gapless points
of the entanglement Hamiltonian. Note that the section
Chern number for the original Hamiltonian is always triv-
ial because of the time-reversal symmetry.
The entanglement Hamiltonians retain the spatial in-
version symmetry, but have “broken” time-reversal sym-
metry (i.e., they do not support time-reversal symme-
try), therefore one pair of gapless points emerges from the
time-reversal-invariant momentum. These gapless points
have opposite chirality, + and −. This scenario has the
same topological origin as the emergence of the gapless
points in a Weyl semimetal,52,53 so we refer to the gap-
less points of the entanglement Hamiltonian as the Weyl
points. Because of the linear dispersion, a Weyl point of
the entanglement Hamiltonians changes the section en-
tanglement Chern number by ±1.
Now we define N
(i)
W as the number of Weyl points be-
tween the ki = 0 time-reversal-invariant plane and the
ki = π time-reversal-invariant plane in the Brillouin zone.
For the WTI phase, the Z2 indices between the time-
reversal-invariant planes are the same modulo 2 and non-
trivial at least in a certain direction. Correspondingly,
the section entanglement Chern number for the time-
reversal-invariant planes are the same modulo 2. On the
other hand, for the STI phase, the Z2 indices between the
time-reversal-invariant planes are different. Correspond-
ingly, the section entanglement Chern number for the
time-reversal-invariant planes are also different. Thus,
the STI (WTI) phase has odd (even) number of N
(i)
W for
any i:
WTI phase→ even N
(i)
W ,
STI phase→ odd N
(i)
W . (9)
In the following sections, we demonstrate it for two ex-
amples: the Fu–Kane–Mele model and the Wilson–Dirac
model.
In passing, we add a comment that another merit of
using the entanglement Chern number is that the sec-
tion entanglement Chern number is potentially applica-
ble to topological insulators with interactions and/or bro-
ken time-reversal-invariant perturbations.
4IV. FU–KANE–MELE MODEL
We first examine the Fu–Kane–Mele model48:
H =
∑
〈ij〉
tijc
†
icj + iλSO
∑
〈〈ij〉〉
c†is ·
(
d1ij × d
2
ij
)
cj . (10)
Here, cTi = (ci,↑, ci,↓) is creation operators of an elec-
tron at site i and s is a spin operator of the electron.
The first and the second term of the above Hamiltonian
are a nearest-neighbor hopping term and a next-nearest-
neighbor spin-orbit interaction term, respectively. d1,2ij
are the two nearest-neighbor bonds traversing from the
site i to the site j.
The momentum representation of the Hamiltonian us-
ing the basis cT
k
= (ckA↑, ckA↓, ckB↑, ckB↓) is given by
HFKM(k) =
(
P (k) S(k)
S(k)∗ −P (k)
)
, (11)
where the 2 × 2 matrices S(k) and P (k) are
S(k) =
∑
µ
tµe
ik·dµ (12)
P (k) = iλSO
∑
µ,ν
eik·(−dµ+dν)s · (−dµ × dν). (13)
Here, dµ (µ = 1, 2, 3, 4) stands for the bond vector
associate with the µth nearest neighbor and tµ is the
nearest-neighbor-hopping constant with bond direction
dµ, The Hamiltonian HFKM respects the time-reversal
symmetry and inversion symmetry. For the isotropic case
tµ = t (µ = 1, 2, 3, 4), the system has three Dirac cones
at time-reversal-invariant momenta, X1 = (b2 + b3)/2,
X2 = (b3 + b1)/2 and X3 = (b1 + b2)/2. For the
anisotropic case, the system can be a topological insu-
lator. Table I shows topological phases associated with
the anisotropy about t1- and t2-bond directions.
54
t1/t −3 < t1/t < −1 −1 < t1/t < 1 1 < t1/t < 3
ν0(ν1ν2ν3) 1(000) 0(111) 1(111)
t2/t −3 < t2/t < −1 −1 < t2/t < 1 1 < t2/t < 3
ν0(ν1ν2ν3) 1(000) 0(100) 1(100)
TABLE I. (Color online) The top (bottom) table shows non-
trivial topological phases of the Fu–Kane–Mele model with
modification of the hopping parameter t1 (t2). The other
hopping parameters are fixed to t. ti/t < −3 and 3 < ti/t
(i = 1, 2) belong to an ordinary insulating phase.
Now we investigate (ν1ν2ν3) = (111) and (100) phases
in Table I. To obtain the entanglement Hamiltonians, we
take the same partition with respect to the spin as that
in Ref. 45. However, in three dimensions, the choice of
the spin direction is more ambiguous than that in two
dimensions. In the following, we exemplify two kinds of
the section entanglement Chern number with different
choices of spin axis. The first one is the t1-bond direc-
tion and the second one is the t2-bond direction. This
means that we focus on the spin along these directions
and consider the purified (decoupled) limit of spins.44
The system is decomposed into up spin and down spin
by the entanglement Hamiltonians as follows. Let n be a
n-directional vector in real space: then n ·s is a spin op-
erator along the n direction. Let Un be a SU(2) matrix
that diagonalizes the n · s: then we rotate the original
Hamiltonian as
H(k)→ UnH(k)U
†
n (14)
to take a new representation by the quantized spin ba-
sis along the n direction. We can easily calculate the
correlation matrix with respect to the spins along the
n direction: then we get the entanglement Hamiltonians
H↑(k) and H↓(k) for the spins. In the following, we focus
on the entanglement Chern number for H↑(k).
A. STI phase
Figure 2 shows the section entanglement Chern num-
ber for the STI phase of (a) 1(111) and (b) 1(100).
N
(i)
W = 3 (i = 1, 2, 3) in (a) and N
(i)
W = 1 in (b). In
both cases, the parity of N
(i)
W is odd, which is consis-
tent with the characterization of STI explained in Sec.
III C. In addition, Eq. (8) tells us that ξ0 = 0 and
ξpi = 1, showing ν0 = 1. The Weyl pairs emerge from
X1, X2 and X3. By increasing t1 they finally annihilate
at L = (b1+b2+b3)/2 when t1 = 3. On the other hand,
by increasing t2 in the (b) case, the Weyl pair emerges
only from X1 and annihilates at L1 = b1/2. The sec-
tion entanglement Chern number is symmetric about the
ki = π (i = 1, 2, 3) point because of the inversion symme-
try. In addition, there empirically holds the sum rule that
the total entanglement Chern number equals the Chern
number for the original Hamiltonian. For the topologi-
cal insulator phase, the Chern number is zero because of
the time-reversal symmetry. The relation holds for each
section entanglement Chern number: c↑ + c↓ = 0.
B. WTI phase
Figure 3 shows the section entanglement Chern num-
ber for the WTI phase with the Z2 indices (a) 0(111) and
(b) 0(100). The quantized spin axis is in the (a) t1-bond
direction and (b) t2-bond direction. In (a), ξ0 = 1 and
ξpi = 1, showing ν0 = 0. In this case, the entanglement
spectrum is fully gapped and has no Weyl point. Even
N
(i)
W (i = 1, 2, 3) corresponds to the WTI phases. Taking
the t1 → 0 limit, the system is adiabatically connected
to the stacked Kane–Mele model25,26 along with the t1-
bond direction. Hence the section entanglement Chern
number equals that of the Kane–Mele model45. In (b),
the t2 → 0 limit represents the stacked Kane–Mele model
along the t2-bond direction. It is also found that the ξi, ηi
5and ζi (i = 0, π) are the same as the Z2 indices, because
of the correspondence in Eq. (8).
V. WILSON–DIRAC MODEL
We next examine the Wilson–Dirac model, which is
one of the typical and simple models for topological insu-
lators. It is defined on a cubic lattice, whose Hamiltonian
in the momentum representation is given by
HWD = t0
∑
j
sin kjγj +

m+ b∑
j
(cos kj − 1)

 γ4,
(15)
where the γ-matrices are defined by γj = τ3σj for j =
1, 2, 3 and γ4 = τ1 where σi and τi are the Pauli matrices
associated with spin degree of freedom and pseudospin
degree of freedom, respectively. The topological phases
are summarized in Table II.
m/b 0 < m/b < 2 2 < m/b < 4 4 < m/b < 6
ν0(ν1ν2ν3) 1(000) 0(111) 1(111)
TABLE II. (Color online) Nontrivial topological phases of the
Wilson–Dirac model. m/b < 0 and 6 < m/b belong to an
ordinary insulating phase.
To calculate the entanglement Hamiltonians, we need
to choose a suitable partition of the system. The par-
tition is required to give the gapped entanglement spec-
trum at any time-reversal-invariant planes. Otherwise,
there is no correspondence between the Z2 invariants
and the entanglement Chern number. Numerical calcu-
lation shows that a simple partition with respect to |↑〉σ
or |↑〉τ , which are one-particle state of up spin and up
pseudospin, respectively, does not satisfy the condition:
at some time-reversal-invariant planes, the spectrum is
gapped, but at other time-reversal-invariant planes, the
spectrum is gapless. To avoid this difficulty, we introduce
a transformation matrix M = n · γ, where
n = (sin θ1 sin θ2 sin θ3, sin θ1 sin θ2 cos θ3,
sin θ1 cos θ2, cos θ1),
γ = (γ1, γ2, γ3, γ4), (16)
and make a rotation for the γ matrices such that γ →
MγM . In what follow, we use θ1 = θ2 = θ3 = π/3 for
numerical calculations, and the partition is the up-spin
part of τ3 defined by the projection P = (1 + τ3)/2 for
the rotated matrices. If we choose any other parameters
θj , the result is the same, as long as the entanglement
spectrum is gapped at any time-reversal-invariant planes.
A. STI phase
We show the section entanglement Chern number in
the STI in Figs. 4(a), 4(b), and 4(c). First, from
the entanglement Chern number for the time-reversal-
invariant planes and the correspondence (8), we see that
ξ0 = η0 = ζ0 = 1 and ξpi = ηpi = ζpi = 0, implying
1(111). This is precisely the known Z2 number classifi-
cation given in Table II. Figure 4 also shows that topo-
logical changes occur once between 0 < kj < π, and once
between π < kj < 2π for j = 1, 2, 3. This implies that in
the three-dimensional Brillouin zone, two gapless Weyl
points appear in the entanglement spectrum. Thus, the
topological phase is summarized as Weyl points in Fig.
5. The precise position and/or the number of the Weyl
points in the whole Brillouin zone depends on the parti-
tion we choose. However, the number of the Weyl points
in the half Brillouin zone, N
(i)
W , is universal modulo 2.
The Weyl points are also useful to see the topological
phase transition. Let us examine the transition from the
STI phase to an ordinary insulating phase at m/b = 0.
Starting from Fig. 4(c), and moving m/b→ 0, the Weyl
point denoted by the redW1 is approaching k3 → 2π, and
when m/b switches to a negative value, the red W1 goes
beyond k3 = 2π, as shown in Fig. 4(d). This implies ζ0 =
ζpi = 0. Decreasing m/b a bit more, a pair annihilation
of W1’s occurs, and section entanglement Chern number
becomes trivial all along the k3 axis. A similar Weyl
pair annihilation occurs along the other k1 and k2 axis.
Thus, the topological change from STI phase to trivial
phase can be described by the motion of the Weyl points
in the entanglement spectrum.
B. WTI phase
Next, we analyze the WTI phase. We show in Figs.
6(a), 6(b), and 6(c), the section entanglement Chern
number at m/b = 3. There appear two Weyl points
in 0 < kj < π and π < kj < 2π, and thus the en-
tanglement Chern number for the time-reversal-invariant
planes changes by 2. From the correspondence (8), these
figures tell us that ξ0 = η0 = ζ0 = 1 and ξpi = ηpi = ζpi =
1, implying 0(111), i.e., WTI phase. The Weyl points in
the entanglement spectrum are summarized in Fig. 6(d).
This may be a typical Weyl points in the WTI phase,
and is clearly distinct from Fig. 5.
The topological change between the STI phase and
WTI phase is also understood by the behavior of the
Weyl points. Let us start from the STI phase in Fig. 4
(c) simply with one pair of Weyl points denoted by red
and blue W1. Increasing m/b → 2, pair creations oc-
cur in 0 < k3 < π, and as a result, a new pair of Weyl
points denoted by W2 and W3 appears, as shown in Fig.
7(a). It should be noted that entanglement Chern num-
bers at k3 = 0, π still show that ζ0 = 1 and ζpi = 0,
implying the model remains in the STI phase. However,
once m/b goes beyond 2, all blue Weyl points move be-
6yond time-reversal-invariant momenta: two blue Weyl
points, This causes the change of the topological num-
bers, ζ0 = ζpi = 1, i.e., the WTI phase. W1 and W2, go
beyond k3 = 0 and one blue W3 goes beyond k3 = π, as
shown in (b). Increasing m/b a bit more, a pair annihi-
lation of W1 occurs and we reach Fig. 6(c).
VI. CONCLUSION AND DISCUSSION
We have investigated the topological insulator phases
in three dimensions in view of the quantum entanglement
between extensive up-spin and down-spin electrons. The
Weyl points of the entanglement Hamiltonian character-
ize the STI and WTI phases. While the Z2 invariants are
well defined only on the time-reversal-invariant planes,
the section entanglement Chern number can be calcu-
lated at any section which interpolates the Z2 invariants
continuously. This enables us to introduce an idea of
Weyl points of the entanglement Hamiltonian. The emer-
gence of the Weyl points, or the phase transition to the
Weyl semimetal, is peculiar to three dimensions. For the
topological insulator phase, this phenomenon occur for
the entanglement Hamiltonians, which have less symme-
try than the original Hamiltonian. The STI and WTI
have odd and even N
(i)
W , respectively. The section entan-
glement Chern number changes by 1 (−1), corresponding
to the Weyl point of chirality + (−) We have demon-
strated these features investigating the Fu–Kane–Mele
model for the extensive spin partition. We also discuss
the generalization of the entanglement Chern number to
the pseudospin partition. We have numerically shown
the validity of the pseudospin partition by testing the
Wilson-Dirac model.
We note that a suitable partition should be taken to
make an entanglement Hamiltonian. The essential con-
ditions for the entanglement Chern number to work well
are that the band inversion of the entanglement Hamil-
tonian occurs at time-reversal-invariant points and the
entanglement spectrum is gapped on the time-reversal-
invariant planes. The partition for spin space is quite
reasonable from the viewpoint of physical meanings. Ac-
tually, the characterization by the entanglement Chern
number for spin partition works well for the Fu–Kane–
Mele model. For the Wilson-Dirac model, the entangle-
ment spectrum for a (pseudo)spin partition is gapless on
a time-reversal-invariant plane. However, the rotation of
the spin space gaps out the entanglement spectrum on
entire time-reversal-invariant planes, and the characteri-
zation by the entanglement Chern number works well for
the rotated pseudospin partition. One of the future tasks
is to investigate the efficiency of the characterization by
the entanglement Chern number for a general model.
One of the advantages of using the entanglement Chern
number is that the entanglement Chern number is po-
tentially applicable to topological insulators with inter-
actions. The topological phases for interacting topolog-
ical insulators have been well investigated.10–13,15–17 To
characterize them by the topological indices, the expan-
sion of the Z2 topological index for noninteracting topo-
logical insulators to that for the interacting topological
insulators is nontrivial, since for even-particle systems,
the time-reversal operator becomes Θ2 = 1 on the many-
body ground state wave functions. However, the (sec-
tion) Chern number is well defined even for such interact-
ing systems by using the twisted boundary conditions.55
It is thus anticipated that the characterization of topo-
logical insulators by the changes of the section entan-
glement Chern number (the Weyl points of the entan-
glement Hamiltonian) is useful for some classes of inter-
acting topological insulators, at least for adiabatically
deformed systems from the noninteracting topological
insulator.7–9,14
Another advantage of using the entanglement Chern
number is that the entanglement Chern number is appli-
cable for topological insulators with broken time-reversal-
invariant perturbations. We basically believe that topo-
logical insulators are stable against very small perturba-
tions even with broken time-reversal symmetry. How-
ever, the Z2 invariance cannot be defined for such a case,
since it is a symmetry-protected topological number. On
the other hand, the entanglement Chern number is of
course well defined in spite of broken time-reversal sym-
metry. As we have shown in this paper, the Z2 invari-
ance and the entanglement Chern number give the same
phase diagram for the topological insulators within time-
reversal invariance, and the entanglement Chern number
can be continued to directions in broken time-reversal
invariance. This implies that the entanglement Chern
number would give a criterion for the stability of the
topological insulators for broken time-reversal perturba-
tions. Indeed, for the two-dimensional case, we have in-
vestigated the stability of a topological insulator against
a magnetic field in Ref. 45. It may be interesting to ex-
tend such an analysis to three-dimensional topological
insulators with various kinds of perturbations.
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FIG. 2. (Color online) The section entanglement Chern num-
ber and the Weyl points of H↑(k) for the STI phases. (a)
Hopping parameters are (t1, t2, t3, t4) = (1.15t, t, t, t) and the
topological phase is 1(111). To obtain the entanglement
Hamiltonians, we set n as the t1-bond direction. (b) Hopping
parameters are (t1, t2, t3, t4) = (t, 1.15t, t, t) and the topolog-
ical phase is 1(100). In this case, we set n as the t2-bond
direction. In panels (1)-(3) in both cases, the section entan-
glement Chern number are shown as a function of fixed ki
defined in Eq. (2). Panels (a-4) and (b-4) show the Weyl
points of H↑(k) in the Brillouin zone. A red (blue) point
represents the Weyl point of chirality + (−). Panels (1)-(3)
show that the section entanglement Chern numbers interpo-
late the Z2 topological indices. Corresponding to the change
of the section entanglement Chern number, the Weyl point
of appropriate chirality appears. N
(i)
W
= 3 (i = 1, 2, 3) and
N
(i)
W
= 1 are odd in (a) and (b), respectively. For both cases,
we set λSO = 0.125t.
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FIG. 3. (Color online) The section entanglement Chern num-
ber for H↑(k) for the WTI phases. (a) Hopping parame-
ters are (t1, t2, t3, t4) = (0.6t, t, t, t) and the topological phase
is 0(111). To obtain the entanglement Hamiltonians, we
set n as the t1-bond direction. (b) Hopping parameters
are (t1, t2, t3, t4) = (t, 0.6t, t, t) and the topological phase is
0(100). In this case, we set n as the t2-bond direction. In
panels (1)-(3), the section entanglement Chern number are
shown as a function of fixed ki defined in Eq. (2). Panels
(1)-(3) show that the section entanglement Chern numbers
correspond to the Z2 topological indices. In both cased, there
are no Weyl points and the section entanglement Chern num-
ber does not change. For both cases, we set λSO = 0.125t.
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(b)m/b=1 m/b=1
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FIG. 4. (Color online) Section entanglement Chern number
for m/b = 1 (STI phase) along the (a) k1, (b) k2, and (c)
k3 axes, respectively. (d) The section entanglement Chern
number for m/b = −0.1 (trivial phase) along the k3 axis.
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FIG. 5. (Color online) Weyl points appearing in Figs. 4(a),
4(b) and 4(c).
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FIG. 6. (Color online) Section entanglement Chern number
for m/b = 3 (WTI phase) along the (a) k1, (b) k2, and (c) k3
axes, respectively. (d) The Weyl points in (a), (b), and (c).
(a) (b)m/b=1.8 m/b=2.3
FIG. 7. (Color online) Section entanglement Chern number
along the k3 axis near the phase boundary at m/b = 2: (a)
for m/b = 1.8 still in the STI phase, and (b) for m/b = 2.3
just in the WTI phase.
